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Effects of Spatial Filtering on Sound Radiation
from a Subsonic Axisymmetric Jet
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The effects of spatial � ltering on the sound generated from a subsonic axisymmetric jet were investigated by
� ltering near-� eld � ow variables obtained from a direct numerical simulation.This is useful to assess the accuracy
of the large-eddy simulation (LES) technique for predicting aerodynamicallygenerated sound. Lighthill’s acoustic
analogy in the frequency domain was employed to predict the far-� eld sound. The direct numerical simulation
results were in excellent agreement with recently published results for the same jet (Mitchell, B. E., Lele, S. K., and
Moin,P., “Direct Computationof the Sound Generated by Vortex Pairing in an Axisymmetric Jet,” Journalof Fluid
Mechanics, Vol. 383, 1999, pp. 113–142). To handle the effects of domain truncation errors on the Lighthill source
term, a windowing function was employed. Predictions of the far-� eld sound using Lighthill’s acoustic analogy
were in good agreement with the simulation results at low frequencies, even for shallow angles from the jet axis.
Signi� cant discrepancies were observed at high frequencies. It was found that low-frequency sound was dominant
and the effects of � ltering on the low-frequency sound were negligible. In addition, the sound levels computed from
both the � ltered and un� ltered source terms were in good agreement with the directly computed results. Filtering
reduced the small-scale � uctuations in the near-� eld and, as expected, decreased the magnitude of the source term
for the high-frequency sound.A model was developed and tested to predict the subgrid contribution to the Lighthill
tensor in cases where, as in LES, only relatively large-scale � ow structures are resolved.

I. Introduction

F LOW-GENERATED sound is important in many engineering
and physiologicalapplications.Traditionally, the � eld of aero-

acoustics has been explored experimentally by measuring the
far-� eld sound radiated by a particular � ow con� guration, or an-
alytically by seeking theories to relate detailed near-� eld � ow phe-
nomena to the far-� eld sound. Recent advances in computer perfor-
mance and computational methods have generated great interest in
the studyof aeroacousticsusingcomputationalaeroacoustics(CAA)
methods.

One powerfulCAA method is directnumericalsimulation(DNS),
in which all turbulent scales of motion are resolved. However, the
computational cost, which is proportional to the third power of
Reynolds number,1 limits its application to low Reynolds number
� ows and simple geometries. A compromise alternative to DNS is
large-eddy simulation (LES). In LES, the large scales are numeri-
cally simulated,while the small, subgrid scales (SGS) are modeled.
Because the latter depend essentially on � uid viscosity and tend
to be more homogeneous than the large coherent eddies, their ef-
fect on the resolved large scales can presumably be modeled fairly
accurately.

There have been several recent studies in the literature that have
employed DNS or LES to study aerodynamicallygenerated sound,
which are of relevance to the present study. In Ref. 2, the unsteady
compressible Navier–Stokes equations were solved in two dimen-
sions for a planar jet in the contextof a semideterministicturbulence
model and Lighthill’s acoustic analogy for the far-� eld sound. They
effectively used a standard j –² turbulence model with a reduced
empirical constant premultiplying the eddy viscosity to model the
� ne-grained turbulence. Their � ndings suggest that, for subsonic
jets, the far-� eld sound is due to emissions from the large-scale co-
herent structures,whereashigh-frequencyradiationis due to smaller
eddies contained within these large-scale structures. They suggest
the use of fully three-dimensional LES to address this issue. In
Ref. 3, a compressible LES model for the near-� eld was coupled
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to the Kirchhoff method to predict supersonic jet noise. Gamet and
Estivalezes did not directly discuss the problem of the contribution
of small scales on radiated sound. They suggested, however, that
LES must be performed in a three-dimensional coordinate system,
as opposed to a two-dimensional axisymmetric one, to address this
issue. Most recently, in Ref. 4 [Mitchell, Lele, and Moin (MLM)],
DNS results for both subsonic and supersonic axisymmetric jets
were analyzed to study the role of vortex pairing in jet sound gen-
eration. Kirchhoff’s method and Lighthill’s approach to predict the
far-� eld sound were also used. The � ndings of Mitchell et al.4 were
in qualitative agreement with previous experimental data. Mitchell
et al. also addressed the issue of domain truncationon the Lighthill
tensor and its impact on the applicationof Lighthill’s acoustic anal-
ogy to such � ows. In Ref. 5, an a priori analysis of DNS results
for a turbulent channel � ow was conducted to examine the effects
of small scales on the source term in Lighthill’s acoustic analogy.
Piomelli et al.5 found that � ltering the Lighthill tensor and, thus,
removing small scales did not affect the spatial distribution of the
tensor but did affect the higher derivatives.They also suggested that
a model could be developed for small-scale sound based on homo-
geneous isotropic turbulence theory. They did not actually compute
the far-� eld soundusing the � lteredLighthill tensorand a solutionto
Lighthill’s equation.In Ref. 6, an a priorianalysisof the contribution
of the SGS motions to sound production in decaying isotropic tur-
bulencewas presented.Seror et al. demonstratedthat the unresolved
� uctuations do not contribute signi� cantly to the emitted sound in-
tensity. They showed this effect by employing both a Smagorinsky
model and a scale-similaritymodel for the SGS stress tensor in their
sound predictions.They showed that the scale-similaritymodel for
the SGS tensor was preferred over the Smagorinksy model. They
did not attempt to model the contribution of the smallest scales to
the radiated sound. Previous studies clearly suggest that an LES
model coupled to a model for the far-� eld sound, such as Lighthill’s
analogy, is a sensible approach to aeroacousticjet noise predictions;
however, important issues should be addressed, including 1) the ef-
fect of the spatial � ltering on the generation of far-� eld sound and
2) the large spatial extent of the Lighthill tensor. These issues will
be examined for a subsonic axisymmetric jet in this paper.

In this paper, results are presented from a direct computation of
soundgeneratedby a harmonicallyforcedaxisymmetricjet of Mach
number 0.4. The results are in good agreement with the numerical
results of MLM.4 Later in this paper, the effects of spatial � ltering
on the sound radiation are studied using a priori analysis. The DNS
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near-� eld data are � ltered with a top-hat � lter, and Lighthill’s acous-
tic analogy is applied to predict far-� eld sound. A new approach for
handling the large spatial extent of the Lighthill tensor is also tested
and a model for the SGS sound contribution is developed. Note
that ideally a fully three-dimensionalDNS of the near and far � eld
of a freejet would be preferred to address these issues, but this is
computationally prohibitive. Although the extent of spatial scales
in the current DNS of an axisymmetric jet is not as large as in a
real turbulent jet, we do observe a difference of at least one order
between the small and large scales. The � lter width used is close to
the smallest scales in the current jet. The � lter reduces the small-
scale � uctuations signi� cantly, although it does not remove them
completely.

The paper is organized as follows: In Sec. II, the mathematical
formulation, including the DNS and � ltered LES equations,and the
Lighthill’s acoustic analogy formulation are presented. The details
of the numerical methods used are also described in Sec. II. Results
are presented and discussed in Sec. III. Conclusions are drawn in
Sec. IV.

II. Governing Equations
A. DNS Equations

The compressible Navier–Stokes equations in a Cartesian coor-
dinate system have the form
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where j takes on valuesof 1, 2, and 3 for the three Cartesian coordi-
nate directions x , y, and z; p is pressure;u j is velocity component;
and e is the total speci� c energy. An ideal, calorically perfect gas
with constant speci� c heats was assumed. The speci� c heat ratio
c = cp / cv was 1.4. The dynamic viscosity l and coef� cient of ther-
mal conductivity k were assumed to be constant with a Prandtl
number Pr = l cp / k =1.0.

For theaxisymmetricjet problemin this study, it was assumed that
v u = 0 (nonswirling � ow) and @f / @u = 0, where u is the azimuthal
coordinate,v u is the velocitycomponent in azimuthaldirection,and
f is an arbitrary function. When the Navier–Stokes equations in a
Cartesian coordinatesystem are applied to axisymmetric problems,
the preceding relations can be used to recast the derivatives along
the z direction in terms of variablesand derivativesin the x – y plane,
where y and z are in the same coordinates as r and u , respectively.
With the Cartesian coordinate system being used everywhere, the
centerline y = 0 is no longer a singular axis, whereas it is in the
cylindrical coordinate system.

B. Filtered Navier–Stokes Equations
In LES, any � ow variable, for example, f , can be decomposed

into a resolved or � ltered part f̄ and an unresolved or subgrid part
f 0 , yielding f = f̄ + f 0 . The � ltering operation, indicated by the
overbar, in LES is achieved with a convolution integral given by

f̄ (x) =
D

G(x ¡ y) f (y) dy (7)

where G is the � lter function and D represents the entire compu-
tational domain. In this study, we used a top-hat � lter in physical
space de� ned by

G(x) =
1/ ¯D if j x j · ¯D / 2

0 otherwise (8)

where ¯D is the � lter width. In compressible � ows, it is convenient
to use Favre � ltering to avoid subgrid-scale terms in the continuity
equation. A Favre-� ltered variable is de� ned as

f̃ = q f / ¯q (9)

Applying this � ltering operation to the Navier–Stokes equations,
we obtain the Favre-� ltered Navier–Stokes equations, which take
the form
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( ¯q ũi ) +

@

@x j
( ¯q u i u j ) = ¡

@p̄

@xi
¡

@s i j

@x j

+
@ ˜r i j

@x j

(11)

where ˜r i j is the resolved viscous stress tensor and where

s i j = ¯q u i u j ¡ ¯q ui u j (12)

is the SGS stress tensor, which must be modeled in an actual LES.
Note that the � ltered energy equation is not presented here because
it is not used in the derivation of Lighthill’s acoustic analogy.

C. Lighthill’s Acoustic Analogy
Lighthill’s acousticanalogy involvesa rearrangementof the com-

pressible Navier–Stokes equations to derive a nonhomogeneous
wave equation for an acoustic variable. The nonhomogeneousterm
on the right-hand side of the derived wave equation is interpreted
as a distribution of acoustic sources in a quiescent ambient. The
theory and derivation of Lighthill’s equation is given by Lighthill.7

Combining the time derivative of the continuity equation (2) with
the divergence of the momentum equation (3) yields
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with the Lighthill tensor Ti j de� ned as

Ti j = q ui u j + d i j p 0 ¡ c2
1 q 0 ¡ r i j (14)

Here q 0 = q ¡ q 1 and p 0 = p ¡ p1 , where q 1 , p 1 , and c 1 are
the density, pressure, and sound speed in the far � eld, respectively.
Equation (13) is exact, in the sense that no approximations to the
Navier–Stokes equations have been made. However, the analogy is
not complete unless two conditions are met: First, Ti j = 0 in the re-
gion where the sound is to be predicted,that is, the acousticmedium
is a region where c1 is constant and there is no mean � ow, and, sec-
ond, there exists a way to compute Ti j independentlyof Eq. (13).

When DNS is used to simulate the � ow� eld, the calculation of
Lighthill’s tensor Ti j is straightforward, and Eq. (13) can then be
integrated to predict the far-� eld sound. But when LES is employed
to predict the near � eld,only the resolvedor large-scalecontribution
to Ti j is available. To clarify this, the un� ltered Lighthill tensor Ti j

can be decomposed into a resolved, T̄i j , and a subgrid, T 0
i j , part as

follows:

Ti j = T̄i j + T 0
i j (15)

The � ltered Lighthill stress tensor is obtained by combining the
� ltered continuity and momentum equations yielding

T̄i j = ¯q ũi ũ j + d i j p̄ 0 ¡ c2
1

¯q 0 ¡ ˜r i j + s i j (16)

where, again, in LES a model for s i j is needed. There are two
important issues involved in coupling LES for the near-� eld with
Lighthill’s analogy for the far � eld. These involve the relative im-
portanceof s i j and T 0

i j to the far-� eld sound and potentialmodeling.
To investigate these issues, an a priori analysis was conducted to
examine the impact of spatial � ltering on sound generation from a
subsonic jet. The DNS results were � ltered to yield the resolvedand
SGS � elds. The exact SGS stress and the Lighthill tensor T̄i j were
then computed. This allowed the study of the physical phenomena
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related to the SGS without any modeling assumptions being re-
quired. Then a model for T 0

i j was tested. As mentioned, one would
prefer to conduct a fully three-dimensional DNS of the spatially
developing jet, including the far-� eld, to address the role of vortex
stretching in generating small-scale turbulence and sound, but this
is computationally prohibitive. Although LES of a spatially devel-
oping three-dimensional jet is possible,8 information on the small
scales is not available in such a simulation. Further motivation for
the study of axisymmetric jets is provided by MLM.4

III. Numerical Methods
A. DNS Equations

The computational domain of the DNS is shown in Fig. 1. The
domain begins at some distance downstream of the nozzle. The
computationaldomain includesboth the acousticnear and far � elds.

A sixth-order compact central � nite difference scheme was used
for spatial discretizationof the DNS equations.9 A third-ordercom-
pact scheme was used for the boundary points and a fourth-order
schemeforpointsadjacent to the boundary;however,the samesixth-
order compact scheme is still used at the centerline by applying
symmetry or antisymmetry of a function about the centerline when
computing the radial derivatives. The second-order derivatives in
the viscous terms were evaluated by using two applications of the
compact schemes. The standard fourth-orderRunge–Kutta method
was used for time integration. An explicit sixth-order compact � l-
ter was employed to eliminate sawtoothlike oscillations within the
computationaldomain.9

The initial conditions for the axisymmetric jet were obtained by
numerically integrating the parabolic boundary layer equations for
a laminar jet. The velocity pro� le, given by

u =
1

2
U0 1 ¡ tanh

R0

4d 2

r

R0
¡

R0

r
(17)

was speci� ed at the inlet as the startingpro� le for integrationof the
boundary layer equations. Here U0 was the maximum velocity and
d 2 =0.1R0 was chosen as the initial momentum thickness.

Nonre� ecting boundary conditions were used in the far � eld.10

An exit zone approach was used at the out� ow boundary.11 Instead
of � ltering the solutions in the exit zone with an explicit � lter, the
viscosity was arti� cially increased to dampen the re� ections from
the out� ow boundary.Eigenfunctionsobtained from linear stability
theory12 were used to force the jet at the in� ow boundary. The
frequencies chosen were the most unstable mode f0 and its two
leading subharmonics, 1

2
f0 and 1

4
f0.

B. Lighthill’s Equation
The numerical method used to solve Lighthill’s equation was

similar to that used by MLM.4 Generally, low-frequency sound is
related to large-scale � ow motion, and high-frequency sound is re-
lated to small-scale � ow motion. Therefore, the acoustic analysis
was performed in the frequency domain. The analysis begins with
the temporal Fourier transform of Lighthill’s equation:
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where x is the angular frequency and T̂i j and ˆq are the Fourier
components of Ti j and q 0 , respectively. Equation (18) has a so-

Fig. 1 Computationaldomain for the DNS.

lution in terms of its Green’s function, which, after some mani-
pulations, can be written as (see Ref. 4 for details)
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in a cylindricalsystem, where r , u , and y1 are componentsof y. The
Eq. (19) was integrated using a second-order-accurate numerical
method.

The integral volume in Eq. (19) is in� nite, but in practice the
computationaldomain has to be truncated to � nite dimensions. For
the jet simulations performed here, the Lighthill equation source
terms are still large at the out� ow boundary compared with their
largestvalueinsidethecomputationaldomain,aswillbe shownlater.
The far-� eld soundpredictionsobtainedfrom integratingLighthill’s
equationcontain spurious sound waves generatedby the sudden ter-
mination of source terms at the exit of the domain. MLM4 avoided
this problem by observing that the magnitudes of the source terms
could be approximated by exponential decaying functions. MLM
suggested using an extensive source region (passive region) at-
tached to the DNS computational domain (active region), where
the wave numbers and decaying coef� cients in the passive region
of the source terms are computed from the active region. The dis-
tribution of source terms in the passive region may not be easy to
ascertain in general, and as a result the use of this method is lim-
ited. Nevertheless, as observed by MLM, most of the jet sound is
radiated from the vortex pairing region. The � ow in the region near
and outside the out� ow boundary does not contribute signi� cantly
to the far-� eld sound. A separate simulation under the same � ow
conditions but with a shorter computational domain (four-sevenths
of the original one) has been performed. The differences between
the sound radiation patterns and directivitiesof the simulations was
very small (less than 2%). Thus, the source terms can be multiplied
by a window function to smoothly damp the source terms near the
boundary to zero, without sacri� cing much accuracy on the sound
radiation predictions. The idea is similar to the window function
used in conjunction with a discrete Fourier transform to avoid the
errors associated with signal nonperiodicity.The window function
we adopted in this study takes the form

w(x) =
1 if x · xw

1
2 {1 + cos[(x ¡ xw ) / (x p ¡ xw )]p } if x > xw (20)

where x p is the axial position of the out� ow boundary and xw is
where the window begins. Similar to the window function used in
DFT, it removes only the high-wave-number components of the
source terms, while allowing low-wave-number components to ra-
diate sound. Note that we do not need a window function for the in-
� ow boundary because the source terms at the in� ow are several
orders lower than the peak values.

IV. Results and Discussion
The jet Mach number in this computation was M0 = 0.4. The

Reynolds number based on the nozzle radius was 2500. The mo-
mentum thickness of the initial velocity pro� le was 0.1R0. The
nondimensional fundamental frequency of the in� ow forcing was
f0 R0 / U0 =0.218 (Ref. 4). The dimensions of the computational
domain were xp =70R0, rmax = 80R0 , and xmax =250R0 .

A 2000 £ 304 grid was used, where the grid in the axial direction
in the physical zone was uniform and the grid in the radial direc-
tion was stretched to include a suf� cient number of points within
the shear layer. The highest frequency resolved is estimated as 4 f0

based on the use of seven to eight grid points per wavelength to
resolve acoustic waves. The time step was speci� ed such that the
Courant–Friedrichs–Lewy number was less than 0.9. The code was
parallelized using message passing interface (MPI), and the com-
putation consumed about 1000 CPU hours on 16 processors of the
SGI/CrayOrigin-2000.For convenienceof presentingthe results,all
of the � ow variableswere nondimensionalizedby usingU0 as veloc-
ity scale and R0 as length scale. In the next subsection,we examine
the near-� eld and far-� eld DNS predictionsand make comparisons
to the results of MLM4 for validation purposes.
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A. DNS Results
Becauseof theexcitationat the in� ow, the jet rollsup intocoherent

vortical structures, which then begin to pair. Figure 2 shows a time
sequence of vorticity contours for one forcing period. (The radial
coordinatehas beenmagni� edby a factorof two, and only partof the
computationaldomain, in the axial direction, is shown.) Vortex roll
up and pairing can be clearly seen in Fig. 2 and are in qualitative
agreement with Fig. 2 of MLM.4 The growth of the momentum
thickness d 2 is shown in Fig. 3. A steplike increase is observed in
the region of vortex pairing consistent with Fig. 3 of MLM. In this
case, the jet grows at a slightly faster rate than in MLM, which is
most likely due to slight differences in the initial conditions and the
forcing. Other results for the time-averaged velocity pro� les were
also in good agreement with MLM (not shown).

Fig. 2 Temporal sequence of vorticity contours for one forcing pe-
riod, with contour levels ranging from 0 to 2:8U0/R0 with increments of
0:28U0/R0; D t = 1/(2 f0 ).

Fig. 3 Axial growth of the jet momentum thickness ±2/R0.

Fig. 4 Instantaneous contour plots of the far-� eld dilatation and
near-� eld vorticity; contour levels for the far-� eld dilatation are min/
max = ¨¨ 3 £ £ 10¡ 6 with increment of 6 £ £ 10 ¡ 7.

Traditionalacoustic theory typicallyuses the pressure,density,or
velocity potential � uctuations to describe the sound � eld. Unfortu-
nately, the far-� eld pressure in this study did not reach a stationary
mean, which is possiblyrelated to the boundaryconditiontreatment.
However, the dilatation, H = r ¢ v, has a fairly well-de� ned mean
value.4,13 Therefore,we consideredthe far-� eld dilatationwhen dis-
cussingthe far-� eld sound.Note thatthe soundpressurecanbe easily
obtained if the dilatation is known via

@p

@t
= ¡ q 1 c2

1 H (21)

Instantaneous contour plots of the near-� eld vorticity and far-
� eld dilatation are shown in Fig. 4. It is observed that the dominant
sound is generated in the region of vortex pairing, consistent with
Fig. 7a in MLM.4 Plots of the dilatationmagnitudevs h for different
observerdistances and frequenciesare also in good agreement with
the resultsof MLM (not shown). The goodagreementbetween these
DNS resultsand thoseof MLM justi� es their use for a priorianalysis
to investigate the extensive source treatment, the effect of spatial
� ltering on sound prediction, and the contributionof SGS.

B. Extensive Source Treatment
To investigate the accuracy of the treatment for the exten-

sive source term in Lighthill’s analogy, values of xw = 45R0 and
x p = 70R0 were used in the window function. Predictions obtained
using the present approach and MLM’s4 approach for the far-� eld
sound are compared to the directly computed results at two differ-
ent frequenciesin Fig. 5, where the referencesourcepoint is located
at xs =15.5R0 and r = 0. Both approaches are in good agreement
with the DNS, but the present approach is slightly better, espe-
ciallyfor soundwaves propagatingat shallowangles.The advantage
of the present approach is that it can be applied in situations where
the source terms in the passive region cannot be determined from
the source terms in the active region. It is also very simple and
inexpensive to implement.

C. Effects of Filtering
To examine the effects of � ltering on the Lighthill tensor and the

far-� eld sound, the DNS � ow� elds were � ltered in both the axial x
and radial r directionsusing top-hat � lters with widths of three and
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f = 1
2 f0

f = f0

Fig. 5 Comparisons between the directly computed sound from the
DNS topredictions fromLighthill’s equation(symbols)using the present
approach and MLM approach for an observer distance d = 40R0 at two
frequencies f .

� ve times the localgridspacing.The axialvariationof selectedterms
of the un� ltered tensor T̂i j and its magnitude j T̂i j j at frequencies
1
2

f0 and 2 f0 is shown in Fig. 6. In this case, 1
2

f0 is the dominant
frequencycomponent,and one can see that the magnitudeof the 1

2
f0

component is one order higher than that of the 2 f0 component. For
both frequencies, T̂i j decays slowly at the out� ow region. This can
also be observed in contourplots of T̂i j at the same two frequencies,
as shown in Fig. 7. (Note that only part of the domain is shown and
the radial coordinate has been magni� ed by a factor of two.) One
can also observe that there exists an almost constantwavelength for
each Fourier componentof Ti j shown here. The axial wavelengthof
the low-frequency component is much larger than that of the high-
frequency component, as expected. The wavelength of the lowest-
frequency ( 1

4
f0 ) component is about 21 times that of the highest-

frequency (4 f0) component in this axisymmetric jet. The � ltering
operation should have a greater impact on the high-frequency Ti j

components due to their short wavelength.
The directivity of the far-� eld sound predicted by Lighthill’s

acoustic analogy using T̂i j and T̂̄ i j with the exact SGS stress is
shown in Fig. 8. For the lowest frequency, 1

2
f0 , the agreement be-

tween DNS and acoustic analogy predictions is excellent.At higher
frequencies, there are discrepancies between the two predictions.
The highest frequency at which the agreement is still acceptable is
2 f0 (only for a small range of h ). The acoustic analogy fails for
frequencies higher than 2 f0 . The poor agreement at high frequen-
cies is expected because the solution to Lighthill’s equation given
by Eq. (19) does not consider the effects of refraction and dissi-
pation as the acoustic waves propagate inside the jet shear layer.
It requires the acoustic wavelength k to be much larger than the
thickness of the shear layer, which is proportional to the jet radius
R0 . In this case, the acoustic wavelength at frequency 2 f0 is about
5.74R0. The requirement R0 ¿ k marginally holds. For higher fre-
quencies, Lighthill’s equation is no longer appropriate and a more
sophisticatedapproach,such as Lilley’s equation,may be needed.14

From Fig. 8, the differencesbetween the acousticanalogypredic-
tions using T̂i j and T̂̄ i j for frequencies 1

2
f0, f0 , and 3

2
f0 are small.

f = 1
2 f0

f = 2 f0

Fig. 6 Axial distribution of the real part, imaginary part, and magni-
tude of ÃT11 at r = 0:5R0 for selected frequencies.

a) f = 1
2 f0

b) f = 2 f0

Fig. 7 Instantaneous contour plots of ÃT11 at two different frequencies
with 16 contour levels: a) min/max= ¨¨ 0:6 and b) min/max= ¨¨ 0:04.

The resolved stress contributes mainly to the low-frequency sound.
However, for frequency2 f0, a disparitybetween the predictionsus-
ing T̂i j and ˆ̄T i jbegins to emerge. The smaller scales begin to make
a contribution to sound whose frequency is higher than 2 f0.

Even thougha quantitativeassessmentof thecontributionof small
scales to high-frequency sound cannot be made using Lighthill’s
acoustic analogy, an examination of the � ltered and un� ltered
Lighthill tensor � eld may still yielduseful informationon the effects
of � ltering on sound generation.The magnitudes of � ltered and un-
� ltered T̂i j termsalongthe axial directionare shown in Fig. 9. Again,
� ltering has very little effect on low-frequency stress components
of T̂i j , while the magnitudes of high-frequencycomponents are ap-
parently reduced by � ltering. For frequency 3 f0, the magnitude of
the stress tensor decreases by about 2% when the � lter width ¯D is
three times the grid spacing D x and 6% when ¯D is � ve times the
grid spacing D x . For frequency 4 f0, the magnitude decreases even
more. A possible reason why the magnitudes of the high-frequency
components of the Lighthill tensor do not decrease very much as
a result of � ltering is because the DNS is a two-dimensional com-
putation. The axisymmetric assumption prevents the generation of
� ne-grained turbulence,and consequentlythere is very little energy
in the small scales. In other words, the DNS is overresolved.
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f = 1
2 f0

f = f0

f = 3
2 f0

f = 2 f0

f = 4 f0

Fig. 8 Predictions from Lighthill’s equation for the far-� eld sound
directivity using ÃTij and Ã ÄTij computed with exact SGS stress at selected
frequencies.

a) f = 1
2 f0

b) f = 3 f0

c) f = 4 f0

Fig. 9 Axial variation of magnitude of ÃT11 , Ã ÄT11 without SGS stress,
and Ã ÄT11 with exact SGS stress at selected frequencies.

Note that themagnitudesof the stress tensorcomputedwithout the
SGS stress and with the exactSGS stress are very close to each other
(Figs. 9b and 9c). The SGS stressdoes not contributesigni� cantly to
sound generationin this case. With the exact SGS stress, the � ltered
stress tensor T̂̃ i j still is not a good approximation to the un� ltered
tensor T̂i j and is even worse than the tensor computed without SGS
stress (Fig. 9c). As discussed earlier, the tensor obtained by direct
� ltering of the actual tensor Ti j is the best computed approximation
to the Lighthill’s tensor from the � ltered � ow� eld; that is, the SGS
model can recover the exact SGS stress. This implies that some
information on the contribution of the small scales to the far-� eld
sound is lost in LES. Recall that the SGS stress only represents the
effect of small-scale motions on the large-scale motions and the
details of the small scales after � ltering the � ow� eld are unknown.
Therefore, thehigh-frequencysoundcannotbe accuratelycomputed
by usingLES alone.However, the contributionfrom the small scales
may be modeled separately and this is explored in the next section.

D. SGS Sound Radiation Model
One possible way to model the small-scale contribution to the

Lighthill tensor is to assume that the small-scale motion can be
modeled as homogeneous isotropic turbulencewithin each compu-
tational control volume of an LES, as suggested by Piomelli et al.5

Turbulencetheorycan then be applied to estimate the far-� eld sound
radiatedby the removedsmall scales.15 In this study,scale-similarity
ideas were used to predict the contribution of the small scales to
the sound source tensor. Among the scales removed by the � ltering
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operation, the largest scales play a relativelymore important role for
sound radiation than the smallest scales. The behaviorof the largest
of the unresolved scales could be modeled based on the smallest
of the resolved scales. This is the idea behind scale-similaritySGS
models and is depicted graphically in Fig. 10. Introducing a test
� lter whose width ˆD is larger than ¯D , the model takes the form

T 0
i j = Ti j ¡ T̄i j = C(T̄i j ¡ ˆ̄T i j ) (22)

where C is a constant related to ratio of ˆD and ¯D . The un� ltered
Lighthill’s stress tensor can then be approximated by

Ti j = T̄i j + C(T̄i j ¡ ˆ̄T i j ) (23)

The idea behind this model is depicted graphically in Fig. 10. The
three curves in Fig. 10 are conceptual representationsof the instan-
taneous energy spectrum functions for the Lighthill tensor from the
DNS (solid line), ¯D -� ltered DNS (dashed line), and ˆD -� ltered DNS
(dotted line). The vertical dashed and dotted lines represent the cut-
off wave numbers for the ¯D -� ltered DNS and ˆD -� ltered DNS data,

Fig. 10 Sketch depicting the idea behind the SGS sound radiation
model showing a conceptual representation of the instantaneous en-
ergy spectrum functions for the Lighthill tensor from the ——, DNS;
– – –, ÅD -� ltered DNS; and ¢ ¢ ¢ ¢ , ÃD -� ltered DNS.

f = 3 f0

f = 4 f0

Fig. 11 Comparison of the magnitude of Lighthill’s tensor component
ÃT11 predicted by scale-similarity model and DNS results at two frequen-
cies.

respectively.(Note that the axisymmetric � ow in this study may not
havesimilar spectraas shown in Fig. 10. The basic idea of the model,
however, is still applicable to this � ow.) The SGS sound model as-
sumes that the energy level difference between the DNS and the
¯D -� ltered DNS is proportional to the energy level difference be-
tween the ¯D -� ltered DNS and ˆD -� ltered DNS. The Ti j components
modeled with Eq. (23) are compared with the DNS results at two
different frequenciesin Fig. 11. In this comparison, ¯D and ˆD are se-
lected as three and � ve times the grid spacing D x , respectively,and
the constantC =0.4. In a more general formulation, the constantC
could be evaluated by applying a dynamic modeling procedure.16

The model predictions are in excellent agreement with the DNS
results for both frequencies. Further tests of the model in the con-
text of three-dimensional,high-Reynolds-numbersimulations with
signi� cant small-scale turbulence are needed, in conjunction with
comparisons to laboratory measurements.

V. Conclusions
An a priori investigation of the effects of � ltering on the sound

generated by a subsonic axisymmetric jet was conducted. The di-
rect numerical simulation results were in excellent agreement with
previous numerical results in terms of the instantaneous and mean
near-� eld jet � ow structureand statisticsand the far-� eld sound.The
results were used to compute the Lighthill’s tensor Ti j and its � l-
tered counterpart T̄i j . Lighthill’s acoustic analogywas implemented
to predictthe far-� eld sound.A novelapproachbasedon spatialwin-
dowingwas developedto minimize domain truncationerrors and the
Lighthill source term. For frequencies lower than twice the funda-
mental forcing frequency, the acoustic analogy predictions using
both Ti j and T̄i j were in good agreement with the directly computed
sound, even at relatively shallowangles. For higher frequencies,the
solution to Lighthill’s equation was found to be inaccuratebecause
refractionand dissipationeffects on the sound inside the shear layer
are not negligible. However, the magnitudes of the high-frequency
components of T̄i j were reduced by the � ltering operation.This ef-
fect was satisfactorilyaddressedby modeling the SGS contribution
to T̄i j using scale-similarity ideas.
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